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REGULARITY CRITERIA FOR THE 3D NAVIER-STOKES AND 

MHD EQUATIONS 


ALEXEY CHESKIDOV AND MIMI DAI 


Abstract. We prove that a solution to the 3D Navier-Stokes or MHD equa- 

r T 

tions does not blow up at t = T provided limsup / ||A g (V x u)||oo dt is small 

q~> °° JT q 

enough, where u is the velocity, A q is the Littlewood-Paley projection, and 
Tq is a certain sequence such that 7 ~ q —>• T as q —>• oo. This improves many 
existing regularity criteria. 
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1. Introduction 

The three-dimensional incompressible magneto-hydrodynamics (MHD) equations 
are given by 

ut + u ■ Vu — b ■ Vb + Vp = vAu, 

(1.1) b t + u ■ V6 — b ■ Vrt = /rA b, 

V • u = 0, V ■ b = 0. 

Here x € R 3 , t > 0, u is the fluid velocity, p is the fluid pressure and b is the 
magnetic field. The parameter v denotes the kinematic viscosity coefficient of the 
fluid, and p is the reciprocal of the magnetic Reynolds number. The MHD equations 
are supplemented with initial conditions 

(1.2) u{x,0) = u 0 (x), 6(x, 0) = b 0 (x), 

where u o and bo are divergence free vector fields in L 2 (R 3 ). When the magnetic 
field b(x, t ) vanishes, (11.11) reduce to the incompressible Navier-Stokes equations 
(NSE). Solutions to the MHD equations also share the same scaling property with 
solutions to the NSE, that is, 

u\(x, t) = Au(Ax, A 2 i), b\(x, t) = A6(Ax, A 2 t), p\(x, t) = X 2 p(Xx, X 2 t) 
solve (ED with the initial data 

u 0 \ = Xuo(Xx), b 0 \ = Xbo(Xx), 

provided u(x, t) and b(x, t) solve (11. ip with the initial data uo(x) and bo(x). Spaces 
that are invariant under the above scaling are called critical. Examples of critical 
spaces include the Prodi-Serrin spaces 

I/*(0, oo; L r ), yd = 1, 
t r 
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or their Besov counterparts 

L l (0,oo;£C +f+i ) . 

The existence of global regular solutions for the NSE and the MHD system in 
3D is an outstanding open problem. The study of these models in critical spaces 
has been one of the focuses of research activities since the initial work of Kato [24] . 
It is known that if a solution belongs to a certain critical space, then it is regular. 
For instance, a smooth solution to the NSE (0, T) does not blow up at T if 


(1.3) 



IIV x u||oo dt < oo, 


which is known as the Beale-Kato-Majda (BKM) condition [2]. This is the border¬ 
line of Prodi-Serrin criteria when the time integrability index is one, which does 
not require any dissipation and also applies to the Euler equations. 

For the Euler equations, the BKM condition (11.31) was weakened by Planchon 
[28] to 


(1.4) 


limsup / ||A„(V x dt < c, 

e -*-° q Jr-e 


for small enough c, where A q is the Littlewood-Paley projection. 

For the 3D NSE, Cheskidov and Shyvdkoy [13] proved the following improvement 
of the Beale-Kato-Majda condition (11.31) : 

r T 

(1.5) / ||V x ukqWbo^ dt < oo, for some wavenumber A(f) = 2®^, 

Jo ~ 

This condition is also weaker than all the Prodi-Serrin type regularity criteria. 
Indeed, 

U <Q £ L r (0, T ; Boo^oJ ) for some 1 < r < oo 

implies (11.51) . Note that r cannot be taken as oo here. A regularity criterion in the 
limit case r = oo has been established by Escauriaza, Seregin, and Sverak [18] in 

A°°(0; T, A 3 ), and extended by Gallagher, Koch, and Planchon to L°°(0, T; B s .l + 3 ) 
with 3 < s,q < oo in |19| . 

For the MHD system, Caflisch, Klapper and Steele [3] obtained the BKM-type 
condition in the inviscid case, but in terms of both u and b. Cannone, Chen, and 
Miao [3] proved the extended version of the BKM criterion, as m , but also in 
terms of both u and b. In the viscous case, Wu |32] obtained some Prodi-Serrin 
type criteria which impose conditions on both u and b. However there have been 
various indications, both numerically EQES3 and theoretically, suggesting that the 
velocity field u plays a dominant role in interactions between u and b. This point 
is still not clear though. In fact, in m, the authors showed that even when the 
initial velocity vanishes, one can observe norm inflation in velocity at a small time 
due to the interaction of the magnetic field and the velocity field (see also [9] for 
norm inflation results in a wider range of spaces). Nevertheless, a large amount of 
work has been devoted to establishing criteria which impose conditions only on the 
velocity, see 0 El [7] [22] [23l [26l [31] [34] . In particular, He, Xin, and Zhou [23l 134] 
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obtained the following Prodi-Serrin conditions for regularity: 

u £ L l {0,T-L r ) with y + - = 1 for 3 < r < oo; 


( 1 . 6 ) 


Vm £ L l (0,T; L r ) with y + - = 2 for 3 < r < oo. 

i r 


He and Xin [53] also obtained the following regularity condition: 

(1.7) u £ C([0,T]; L 3 ). 

Finally, remarkable improvements were made by Chen, Miao and Zhang who ob¬ 
tained the extended BKM criterion (11.41) in terms of the velocity u only [7] , as well 
as the Prodi-Serrin regularity criterion in terms of Besov spaces [§]: 


( 1 . 8 ) 


1 + s 


tie! (0,T;B® J with 
< r < oo, — 1 < s < 1, and 


— 1 T s, 


(r, s) ^ (oo, 1). 


In this paper, we will establish a new regularity criterion for the MHD system, 
which imposes condition only on low modes of the velocity field. The criterion 
resembles the extended Beale-Kato-Majda condition (11.41) [4][7j[28], but in fact it 
is weaker as we take advantage of a dissipation wavenumber A(t) similar to the 
one introduced by Cheskidov and Shvydkoy [T3] for the 3D NSE. The wavenumber 
A(f), defined for each individual solution (in terms of u only), separates the inertial 
range from the dissipation range where the viscous terms Am and A b dominate. 
The dissipation wavenumber is defined so that the critical H 00i00 r norm of u is 
small above A for some 2 < r < 6. So it is larger than the dissipation wavenumber 
for the NSE defined with r = oo in m This is due to the fact that there are less 
cancellations and more terms to control for the MHD system. It is worth mentioning 
that this method is also applied to the supercritical quasi-geostrophic equation in 
m and to the Hall-magneto-hydrodynamics system in m■ Regularity criteria 
obtained in these papers are weaker than all the corresponding Prodi-Serrin type 
criteria. The dissipation wavenumber is also related to the determining wavenumber 
used in main] to estimate the number of determining modes for fluid flows. 

Define the dissipation wavenumber A (t) as 

(1.9) A(t) = min |A g : X p 1+r ||M p (t)|| r < c r min{z/, /x}, Vp > q,q G n| , 

where X q = 2 q , u p = A p u is the Littlewood-Paley projection of u, and c r is an 
adimensional constant that depends only on r. Here r G [2,6) in the case of the 
the MHD system, and r £ [2, oo] for the NSE (when b = 0). Let Q(t ) £ N be such 
that Aq(£) = Ar(t). 

Our main result states as follows. 

Theorem 1.1. Let {u,b) be a weak solution to 11 . 11 ) on [0,T]. Assume that 
(■ u(t),b(t )) is regular on (0,T), and 


( 1 . 10 ) 


limsup / l g <Q(T)A g ||M 9 || 00 dr < c r , 

q—too JT/2 


q—t oo JT/2 

with some 2<r<6(2<r<oo when b = 0). Then ( u{t ), b(t)) is regular on (0, T]. 
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We will show that (11.101) is weaker than various existing regularity criteria. In¬ 
deed, define 

T q = sup{f G (T/2, T) : Q(r) < q Vr G (T/2,t)}. 

Note that 7 q is increasing. In addition, we show that 

lim T q =T. 

q—too 


Theorem 1.2. Regularity condition (11.101) is satisfied provided one of the following 
holds. 

r T 


(1) limsup / ||A g (V x m)||oo dt < c r . 

g-»oo J j- q 

(2) limlimsup / || A q (V X it)||oo dt < c r . 

e— ^0 q— foo JT-e 

(3) f sup ||A g (V x u)!!^ dt < 00 . 

JO o<Q(t) 


pT . 23 \ l 

(4) limsup / 1 q<Q(t) + T+ "||u g (f)|| r J dt < c l r min{i/, , 1 < l < 00, 

q—too JO ^ ' 


q~* 00 Jo 

2 < r < 6 (2 <r <00 when b = 0). 


rT 2 3 \ l 

(5) limsup / (a ? 1+1 +r ||u g (i)|| r ) dt < c l r min{i/, /r} z_1 , 1 < l < oo, 2 < r < 

o-> oo J ' ' 


9 ->oo JT, 

6 (2 < r < oo when b = 0). 


/* 'J- . 2 3 \ ^ 

(6) limlimsup / (A g 1+T+r ||tt 9 (t)||r) dt < c l r min-jV,/x}* -1 , 1 < l < oo, 
e->0 j T _ e V / 


q—too J T—e 

2 < r < 6 (2 <r < oo when b = 0). 


(7) J ^||w<Q(t)|| _i+| + 3^ dt < oo, 1 < l < oo, 2 <r < 6 (2 < r < oo when 
b = 0). 

(8) limsup ||it(i) — u(T)|| ^ i+ 3 < -A 2 < r < 6 (2 <r < oo when b = 0). 

t—>T— Br.oo r 2 


For the 3D NSE, conditions (6), (8), and (3), (7) were obtained by Cheskidov, 
Shvydkoy in [12] and m respectively. Regarding the MHD system, condition (7) 
(and hence (4), (5), and (6)) is weaker than (11.61) . (11.81) for r O 6, and condition 
(8) is weaker than (11.71) . Conditions (1) and (2) are weaker than (11.41) for both the 
3D NSE and MHD system. 

The rest of the paper is organized as follows. In Section [2] we introduce some 
notations, recall the Littlewood-Paley theory and definitions of weak and regular 
solutions. Section [3] is devoted to proving Theorem 1 1.1 1 and Theorem fL2l 


2. Preliminaries 

2.1. Notation. We denote by A < B an estimate of the form A < CB with some 
absolute constant C, and by A ~ B an estimate of the form C\B < A < C 2 B with 
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some absolute constants Ci, C 2 . We write || • || p = || • ||j>- The symbol (•, •) stands 
for the L-inner product. 

2.2. Littlewood-Paley decomposition. Our method relies on the Littlewood- 
Paley decomposition, which we briefly recall here. We refer the readers to the 
books by Bahouri, Chemin and Danchin [Tj and Grafakos [20] for a more detailed 
description on this theory. 

Let J- and denote the Fourier transform and inverse Fourier transform, 
respectively. A nonnegative radial function % £ is chosen such that 



for K| < | 

for |£| > 1. 


Let 


V>(£) = x(£/2) - x(0 


and 



Note that the sequence of the smooth functions ip q forms a dyadic partition of 
unity. For a tempered distribution vector field u we define the Littlewood-Paley 
decomposition 


f h = .F-V, h = 

< u q := A q u = T- 1 (y{\- 1 £,)J : u) = \™fh(\ q y)u(x - y)dy, for q > 0, 
[ u -1 = T~ x (xiOFu) = f h(y)u(x - y)dy. 


Then 


OO 



holds in the distributional sense. To simplify the notation, we denote 


Q 


Q 





q=P +1 


Let X q = 2 q for q £ N. The Besov space B* x is defined as follows. 
Definition 2.1. Let seK, and 1 < p < 00 . Let 

H u llsL=o = SU P a ?IKIIp- 


q >-1 


The Besov space ^ is the space of tempered distributions u such that ||it||ss 
is finite. 


Note that 



for each u £ H s and set. 

We recall Bernstein’s inequality (c.f. [27]). 
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Lemma 2.2. Let n be the space dimension and r > s > 1. Then for all tempered 
distributions u, 

IKIIr<A? ( — ) KH.. 

We will also utilize Bony’s paraproduct decomposition throughout the paper. 
This particular version of the decomposition is discussed in mm- 

2.3. Definition of solutions. We recall some classical definitions of weak and 
regular solutions to the MHD system (see, e.g., (17, 30]). 

Definition 2.3. A weak solution of m on [0,T] is a pair of divergence free 
functions (u, b) in the class 

«,/)£ C w {[0, T]; L 2 (K 3 )) n L 2 (0, T; H\R 3 )), 

satisfying 

- (u o ,</>(0)) 

(u(s),d s <j)(s)) + v(u(s), A </>(s)) + (u(s) ■ V0(s),u(s)) - (6(s) • Vf(s),b(s)) ds, 

(6(f), - (6 o ,^(0)) 

(6(s), d s (j)(s)) + fi(b(s), Acj)(s)) + ( u(s ) • S7cj>(s),b(s)) - (b(s) • V^(s), u(s)) ds, 
for all test functions (j> G Co°([0, T] x R 3 ) with V x -0 = 0. 

Definition 2.4. A weak solution (zt, b ) of (11.11) is regular on a time interval I if 
and ||6(f)||#s are continuous on T for some s > i. 




3. Regularity Criterion 

In this section we will establish the regularity criterion in Theorem 11.11 Let 
(u(t),6(t)) be a weak solution of (11.11) on [0, T]. Similarly to [13J we define a 
dissipation wavenumber as 

(3.11) A r (t) = min |\ q : A p 1+r ||u p (f)[| r < c r min{u, /it}, Vp > q, q G N j , 

where c r is an adimensional constant that depends only on r, and r G [2,6) (r G 
[2,oo] when b = 0). Let Q r (t) G N be such that A qm) = A r (t). It follows 
immediately that 

1_3 

||w p (i)||r < A p r c r min{u, /z}, \/p>Q r (t), 

and 

1_3 

(3.12) ||uQ T .(t ) (f)|| r > c r min{i/, /i}A r r (f), 

provided 1 < A r (t) < oo. For simplicity, from now on we drop the subscript r in 
Q r unless specified otherwise. We also denote 

f(t) = 'y ' A 9 ||u 9 ||oo- 
9<QW 
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3.1. Proof of Theorem II.11 In order to prove that (u, b) does not blow up at T, 
it is sufficient to show that ||u(f)||jj« + ||&(i)||if« is bounded on [T/2,T) for some 
s > Since ( u(t),b(t )) is regular on (0,T), multiplying equations (11.11) with A 2 q u 
and A 2 q b respectively yields 

\ d f 

~\\ u q \\l < ~ v\\Vu g \\l - J A q (u • Vu) • u q dx 

+ / A q (b ■ Vb) ■ Uq dx, 

J R 3 

\ d f 

0 -jrll^lll < - vW^bqWl - / A q(u • V6) • bqdx 

i at j R 3 

+ / A q (b ■ Vrt) • bqdx. 

J R 3 


Adding the above two inequalities, multiplying by A^ s , and adding them for all 
q > — 1, we get 


(3.13) 


1 d 

2 Jt ^ 

q >-1 




E X l S H^UqWl 

q >-1 

{I J + K -\- Z/), 


mIIvm!) 


with 

I = E E / A q( u ' Vu) ‘ u q dx, 

g>- 1 

K=Y\ X 2 q s [ A q {u ■ Vfo) • dx, 

q >-i • /r3 


J=-E A 9 S / A q (b-Vb)-U q dx, 

q >-1 • / « 3 

L = - E A ? S / A -j( 5 • Vm ) ■ da; - 

g> —1 ^ 


We start with estimating /, where we will use Bony’s paraproduct decomposition 

Aq(u • Vu) = E Aq(u< v - 2 • V« p ) + E ' Vlt< p _ 2 ) 

l?-p|<2 |?-p|<2 

“f* ^ ^ A q{Up * Vu p ). 
p>q -2 


First, I is decomposed as 


J= E E A ? S / A q {u< p -2-Vu p )u q dx 

q>~ 1 |<j-p|<2 ,/r3 

E E Ag I • ^U<p—2')Uq dx 

q>-l\q-p\<2 JR3 


E E X q S j A q {u p ■ Vu p )u q dx 

q> — 1p>g—2 

=/i + / 2 + F 3 , 


/R 3 
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with 


E 

E 

?>—1 

►Q 

1 

IA 

E 

K-j 

9>-l 

J M 

E 

E 


U < q -2 ' VUgUg dx 


o—2 H<,j— 2 ) * VZXqZIplAg 


dx 


?>— 1 |g-p|<2 

=hi + I\ 2 + A 3 , 


where we used S| 3 -p|<2 A^Wp = u q- One can see that I12 vanishes since div w< g _2 
0. We now estimate In, where we used the commutator notation 

[Ag , U<p-2 ' — /\g (u<Cp— 2 * V Up) U<p_ 2 ' V /\gUp. 


By definition of A f; . 


[A,,u<p _ 2 • VJug =X 3 / h(\ q (x - y)) (u< p - 2 (y) - u< p - 2 (x))Vu q (y) dy 
J R 3 

= -Ag / Vh(\ q (x-y))(u<p- 2 (y)-u<p-2(x))u q (y)dy. 
J R 3 


Thus, by Young’s inequality, 


(3.14) 


-2 

■ V]u 9 

Ik 





< 

ll u 9 11^3 

E 

Xp' 

IK 

Ik 

A */ 



p'<p- 

2 



Jr 3 

< 

\\ u q II 1-3 

E 

Xp' 

II m p 

IIt -2 3 




p'<p- 

2 





for A. -|- _L = J_. So splitting Jn based on definition of A r , we get 


ill ^ 


< y / |[Aq,,rt<p_2 • Vjitpitql dx 


9>-l |?-p|<2 


< E E A * s / i[a 9 ,«< p -2-v] 

p<Q+2 | g -p|<2 • 7R3 


UpM g | dx 


+ E E \ 2 q s / |[A 9 ,u<q • V]upM g | dx 

p>Q+2\q-p\<2 JR3 

+ E E Ag S / |[Ag,U(Q ! p_ 2 ] • V]upit g | dx 

p>Q+2\q-p\<2 jR3 
=1 111 + -fll2 + ^113- 
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Using (|3.14|1 . Holder’s inequality, and definition of f(t), we obtain 


hll < E E ^g S ||Vu<p-2||oo||Wp||2||Wg||2 

l<P<Q+2 \q-p\<2 

<f{t ) E Klb* E ElKIh 

l<P<Q+2 |g-p|<2 

E ElKlli; 

9>-l 

and similarly 

Ul2 < E E EII Vm <QII°°II U pII 2 IMI 2 

P><?+2 |g-p|<2 

</w E IKH 2 E EKH 2 

p>Q+ 2 |g—p|<2 

;$/(*) EEkii* 

q>Q 

Now using Holder’s inequality, (13.141) . definition of A r , and Jensen’s inequality, we 
deduce 

1 .3 < E E A « S |l[ A 9> U (Q.p-2] • V]ttp|| 2 ||u g ||2 

P>Q +2 |g-p|<2 

< E E EKII 2 E VIMMKII^ 

p>Q +2 \q—p\<2 Q<P'<P ~2 

< E A IIKII 2 E ElKH 2 E VlK'llr 

p>Q+2 \q— p|<2 Q<P'<P~ 2 

< Cr u e A fiKii 2 E EIKH 2 e E 1 

p>Q+2 |<?—p|<2 Q<P'<P~ 2 

<c r u e a p s+? ii u pII2 E a p~" 

P>Q+2 Q<p'<p —2 

< Cr u e a p s+2 H m pII2 E a Xp 

P>Q+2 Q<p'<p —2 

<c r u E a p s+2 IKII 2 > 

p>Q+2 


since r >2. To estimate /13, we first split it as 


E 

E a ; 

9>-l |? 

-p|<2 

E 

E 

-l<g<<3 |?-p|<' 

+ E 

E 


/ R 3 




< E E A ? S / l( U <p-2 - U<q- 2 ) ■ VA q U p Uq\ dx 

1 ^.^,. Jr 3 


9>Q I?-P|<2 
=^131 + Jl32- 
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Using Holder’s inequality and definition of /(£), we obtain 

1^1311 < E A^ +1 ||M g ||oo E ll U <P-2 - u <g-2||2||u p ||2 
-1<9<Q .'/ p <2 

£/(*) E X T E \\ U <P-2 -U< g _ 2 || 2 ||Up||2 

-i <q<Q \q— p |<2 

</(£) E A*»|K|||. 

-1<9<Q 


Also, Holder’s inequality and definition of A r yield 


1-^132 | < E Ag S+1 ||w 9 ||r E l|«<p-2 - U< q -2h\\u p \\ 


< 


9 II r 

q>Q I?-P|<2 

E A q + r E A P \\u < p -2 ~ 1i<g—2 || 2 H'Up II 2 

q>Q |g-p|<2 


< 


C r V E A? 
q>Q 


2s+2- 


E A = 


p 11 ^p 112 


g—3<p<q+2 


< 


C r V 


E a 

q>Q —3 


2s+2 IKIIi 


One can see that /2 enjoys the same estimate as In. On the other hand, for I 3 we 
have 


h\ ^ E E X T / |A 9 (wp<S>rtp)Vu 9 |<ia: 

^ _ 1 */R 3 


q>- 1 p>q~2 

<E a 2 s+ 1 IKIIoc E 1 

<?>Q P>g —2 

<e a " +1+i ik 


^pll2 


E A 9 s+1 iKiioo e 


x p I! 2 


-1<9<Q 


p>q-2 


E IKH 2 +/w E A ' s E 


x p 112 


<c r i/ E Ap ,+ 2 ||M P ||! E A 9 -p 2 + /W E AriKIII E A 2 i 


< 


q>Q 

/] 

p>Q 

CrJ'E A 9 S+2 H U 9ll2 

q>Q 


p>q -2 


— 1 <q<Q p>g—2 


Q<g<p+2 

; 1 /(*) E ^“IKIli 

<?> I 


‘p II “p II2 / y ''q—p 

p >—1 g<p+2 


Finally, we conclude that 


1^1 ^c r i/ E A 2s+2 |K||^ + /(f) E A^ s ll-i/qlll. 

q>Q —3 <?>—1 


(3.15) 
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Similarly, using Bony’s paraproduct decomposition and the commutator nota¬ 
tion, J is decomposed as 


' = -E E K- 

/ Aq(b<p -2 -S7bp)Uqdx 

9>-i |?-p|<2 

Jr 3 

- E E 

/ A 9 (6p • Vb< p _ 2 )u q da: 

9>-i l?-p|<2 

dR3 

- E E W 

/ A q (bp ■ S7bp)u q dx 

g> — 1 p>q-2 J 

R 3 

= Jl + J2 + J35 



with 


Ji = ~ Y. Y A^ s / [A g ,&< p _2 • V]b p Uqdx 

V 1 I |^r> */R 3 

|g-p|<2 

- y, V' A^ S / &< 9 -2 • V AqbpUq dx 

V 1 I |^r> */R 3 

|g-p|<2 

- V' V A- / (&<p_2 - fr< g -2) ■ VAqbpUq dx 

v -i | i^ 0 */R 3 

9>-i |g-p|<2 

= Jll + J 12 + J 13 . 

We will see that the term Jyi cancels a part of L. The other terms are estimated 
as follows. First, we further split Jn as 

|Jh|< 5 Z E K S [ |[A 9 ,6< p -2 • V]b p u q \ dx 

q>Q\q-p \<2 JM3 

+ E E A 2 q S j |[A 9 ,&<p_2 • V}b p u q \ dx 

~l<q<Q \q-p\<2 Jr3 
= J 111 + <7ll2- 


Then, by Holder’s inequality, (13.141) . definition of A r , and Jensen’s inequality, it 
follows that 

kmi<E A « s ikiir E w b ph E viivii^ 

q>Q I?-P|<2 P'<P~ 2 

<^£ E +1_ " E 

q>Q l<?-p|<2 p'<q 

<C r II Y A 9 S+1_f 11^112 Y A p^ 7 HVI|2 

q>Q —2 p'<q 

<c r n y a Eii^i|2E a Eiivi|2a;:J 

q>Q —2 

<C r /X ^ >? q S+2 \\bq\\'i 

q >-1 
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where we needed 2 < r < Also, by Holder’s inequality, definition of f(t) and 
Jensen’s inequality, 

1^1121 < E x t s \\ u i\\°o E w b ph E viivik 

— l<q<Q \q—p\<2 P'<P~ 2 

<m E A ' s_1 E 11M2 E viivib 

-1<9<Q k-p|<2 p’<q 

<m E ^‘"'iiMbE viivib 

— l<g<Q+2 p'<<7 

</(*) E ^n^ii 2 E A P'iivii 2 AE s g 

— l<q<Q+2 p'<q 

<m E A *iMl» 

-l< 9 <Q +2 


where we used A < s < 1. Similar analysis yields 

\Ji3\ < E E A g S / l(^<p -2 - fr<g-2) ■ VA 9 6 p M g | da; 

1 •'R 3 


Q>~ 1 |<?-p|<2 


<E E A 9 s+1 iKii''ii 6 <p-2 - &< 9 - 2 11211 ^ 11 ^ 

q>Q \q-p\<2 

+ E E ^ 2 q S + 1 \\ U q\\oo\\b<p-2 - b< q -2h\\bp\\2 

-1<9<Q |?-p|<2 

<C r /X E A 9 + r E Ap ||6<p-2 — 6<qF —2 II 2 II &p ||2 

q>Q \q-p\<2 

+ /(*) E A « S E ll & <P-2 “ ^<9— 2 II 2 II&PII 2 

-1 <q<Q \q-p\<2 

<CrH E Ag S+2_7: E A||| 6 p ||2 + /(i) E A g S ll^glll 

<?>Q < 7 —3<p<g+2 — l<g<Q 

<c r „ E Af +2 ||6 p ||^ + /(t) E A g S II II2 ■ 
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Notice that J2 enjoys the same estimate as Jn, while for J3 we have 


1*1 < E E 

q>—1 p>q—2 


R 3 


Aq(b p <g> 6 p )Vu 9 | dx 


<EE + 1 ii^ii- E UM 1 + E E + 1 ikii- E IM 2 

<?>Q p>g-2 — l<g<Q p>g—2 

<EaE 1 + ^ii^ii, E 11MI2 + /W E E E n fo piii 
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<c^E A p S+ 2 IM 2 E A 2 f+ 2 +/(t) E A? 16 P ||1 E A s-p 
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Therefore, 

(3.16) 
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\j\< c r» E E +2 iim i + m e A^ii^iil- 

q>Q —3 g> —1 

Turning to the last term K, we start with Bony’s decomposition, 

K=y e E \ & q (u< P - 2 -vb p )b q dx 

J R 3 


9>—1 I?-Pl<2 


+ E E E / \(u p ■ Vb< p _ 2 )b q dx 

q>- 11«—pI<2 ^ R3 

+ ^ ^ [ Aq(u p ■ \ 7 bp)b q dx 

9>-lp>9-2 ^ R3 

=AT + A 2 + A 3 , 


with 


A, = E EE / [Ag,u< p _ 2 -V]6 p &gda: 

9>-l k-p|<2 ^ R3 

+ E E / U< q -2 -ybqbqdx 


q >-1 


7R3 


E E E / ( U <P-2 ~ U<q- 2 ) ■ VA qbpbq dx 
^ R3 


9>-i |g-p|<2 

=An + A, 2 + AT 13 . 


Here we used E | g - P |<2 A p & g = to obtain A 22 . Note that A 32 = 0 as before. 
Also, An can be estimated similarly to /n as 

|tfn|</(t) E ElMi + Cr/* E EElMl- 

g> —1 <j>Q+2 

The term A i3 can be estimated as Ji 3 , while A 2 enjoys an estimate similar to the 
one for J 2 . More presicely, 

1-^131 + iat 2 i ^ c r ^ e E f2 HMl + fit) E EHMi- 

q>- 1 -l<9<Q+2 

To estimate A 3 , we use integration by parts first, and then split it as 


\K,\< 


EE 

p >-1 -!<9<P+2' 


R 3 


A q(Up (g> b p )\7b q dx 


<E? E 

p>Q -i<?<p+2' 


R 3 


A q{u p bp)Vb q 


dx 


+ E E E 

-1<P<Q -l<9<P+2‘ 

=A 3 i + A 32 . 


A qiVjp ® bp)Vbq 


dx 
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Proceeding as in the case of I 3 , we obtain 

l^3il<ElMo°IIMl2 E a * s+1 IIM2 

p>Q -1<9<P+2 

<c^E a pII & pII2 E a2s+1 HM 2 

p>Q — 1<9<P+2 

< Cr/ xE A E 11^112 E a « +1 ii^ii2 a ?-p 

P>Q —l<g<p+2 

< CrAi E A ' s+2 ll^ll2; 

9>-l 

and 

l^32| < E 11 ^P 11 00 11 112 E A2S+1 |NI2 

-1<P<Q -l<9<P+2 

</W E V'll^pll 2 E K +1 W\h 

-1 <P<Q -l<9<P+2 

</w E A piiMh E 

-1<P<Q -l<9<P+2 

</w E A2s n^ii2- 

-i<g<Q+2 

Combining the above estimates, we get 

(3.17) \K\ < c r n E % S+2 \\b q \\l + fit) E ^ S \\b q \\l 

q>-\ 9>-l 

Now we estimate L in a similar way. Utilizing Bony’s paraproduct decomposition 
and the commutator notation, L can be decomposed as 


p = - E E a- 

1 Aq{h<p— 2 * V Up)bq dx 

q>- 1 |g-p|<2 

Jr 3 

- E E a? 

/ A 9 (6 p ■ Vu< p - 2 )b q dx 

?>— 1 |?-p|<2 

Jr 3 

- E E a? 

/ A q (b p ■ S7up)b q dx 

q>-lp>q~2 J 

R 3 

=L\ + L2 + -^35 



with 


Li = - E E ^ [Aq,b<p- 2 -V)u p b q dx 

q>~l\ q -p\<2 JR3 

- E E A ? S / ^<9-2 ' V AqUpbq dx 

q>-l\ q -p\<2 “' R3 

^ ^ ^ ^ I {b<p— 2 b<q— 2) * VAqU p bq dx 
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=I/n + U 12 + L 13 . 
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As mentioned above, the term L \2 cancels J 12 . Indeed, using integration by parts, 


Ji2+L 12 = -'^2 E K S I b< q - 2 ■ S7A q b p (u q + b q ) dx 
?>— 1 k-p|<2 


/ R3 


- E E A « S / 6 <?-2 1 VA q u p (b q + u q )dx 

q>-l\q-p\<2 JR3 

= - V' A 2 q s b < q -2 ■ v(u p + bp){u q + b q ) dx 
n Jr 3 


q >-1 


= 0 . 


Notice that Ln can be estimated as Jn, and L 3 can be estimated as K 3 . Thus 

\Lu\ + \L 3 \<Cr^ E ^IIMIl + ZW E Ag S II |j 2 • 

9> — 1 —1 <q<Q 

After using integration by parts, the term L 13 can be estimated similarly to J 13 . 
Hence 

\L i3 \<CrH E ^INll + ZW E Ag S || || 2 • 

q> — 1 -1< 9 <Q 

To estimate L 2 , we split the summation first as 

|i 2 |< E E X T l \A q (b p .Vu< p - 2 )b q \dx 

-l<p<Q+2\p- q \<2 JR3 

+ E E X T [ \A q (b p -S7u< Q )b q \ dx 

p>Q+2\p-q\<2 jR3 

+ E E q (b p ■ Vu(Q iP _ 2 ])6g| dx 

p>Q+ 2 |p - g |<2 Jr3 

—L 21 + L 22 + L 2 3 . 

Then using Holder’s inequality and definition of f(t) we arrive at 

L2i< E llV«<p-2||oo||b P ||2 E K s \\ b qh 

-l<P<Q+2 |p-g|<2 

<m E INI 2 E a *1M2 

-i<p<Q+ 2 |p—g| <2 

<m E a *im 2 , 

q>- 1 
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p>Q +2 |p—<?| <2 

</w E 11 M 2 E 

p>Q+2 |p-q|<2 

<f(t)J 2 X T IIM2- 

q>Q 


and 
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Using Holder’s inequality, definition of A r and Jensen’s inequality, we deduce 

L 23 < E l|v U(Q , p _ 2 ] || r ||M s E A * s INl2 

P>Q +2 \p-q\<2 

. E A ln fo P ii 2 E K s \\ b «h E viiviir 

P>Q +2 \p— q\<2 Q<P'<P~2 

.2 s+|,,, 1|2 , 2 -S 


< 


< 


C r /i 


E a E 7 ini^ E E 


p>Q 


Q<p' <p—2 


< Cr/ iE A ? +2 iM2 E A E’ 


2-7 
P 


P>Q 


Q<p' <p—2 


< 


CrfJL 


E a p s+ 2 h 6 pII^ 


p>Q 

since r > 2. Thus we have established that 


(3.18) \L\ < c rf i J2 ^q S+2 W b q\\ 2 2 + fit) E A *lMl- 

q>-1 9 >-l 

Combining (13.131) . and (I3.15D - (I3.18D yields that for some small enough c r we have 

(3J9) E Af (Kill + INI!) < /(*) E A f (Mia + 116,11a) , 

q>-1 9 >-l 

i.e., there exists an adimensional constant C = C(r, v, fi, s), such that 

^ (imi^ + ii^Hh s ) < cm (iiuii/f» + \\bf H s). 

Notice that this holds as long as r,s satisfy 1/2 < s < 1 and 2 < r < 3/s, and 
hence for any r belonging to [2, 6 ). However, when b = 0, we have J = K = L = 0, 
and the range for r extends to [ 2 , oo]. 

First note that by Gronwall’s inequality ||tt||jy, + ||£>||jj„ is bounded on [T/2, T) 
provided / € T 1 (0, T). Our next goal is to weaken the condition / £ L 1 . For this, 
we estimate / as 

f(t) < f< q * +/> g *(t), 

where 


/<<?* _ y ] Ag||Mg||oO, f>q*(t) — 1 q*<Q(t) ^ ) Ag Ng || oo . 

q<q* q*<q<Q(t) 

Thanks to Bernstein’s and energy inequalities, 

f<q*{t)<M q ., fe(0,T), 

where M q » ~ q*\ q » (||u(0)|| 2 + ||6(0)H 2 )- By definition of A r (t) we have (see 13.121) 

1 _ 3 3 _ 3 

c r m.m{v,n}uA r r <||«Q|| r <A^ ^ INq|| 2 , 
provided A r > 1. Therefore 


c r min{u,ii}A e r (t) < A^ +£ ||uq || 2 < ININ-, 


where e = s — 7 . Let 


Q(t) = sup Q(t). 
r£[T/2,t] 
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Then 

(3.20) 

Now assume that 




min{i/, fj,} TG [ T / 2 ,t] 


sup ||m(t)||h*- 


q—>oo JT/2 
We first fix q* G N, such that 
r T 


limsup / lq<Q( T )W\Uq\\oodT <C r \ = 

q —loo JT/2 


e In 2 

2 C ' 


/ lg<Q(r) 11^1 l|oo 1 ^ 7 " ^ 2c r , /> . 

JT/2 

Then for t £ (7/2,7) we can estimate the integral of /> g * as follows. 

/ f>q*( T )d-T= / lg*<Q(r) ^ ' AgHUqUoodr 

JT/2 JT/2 , , s 


It/2 

= E . 

g*<g<Q(t) 


g*<g<Q(r) 
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T/2 


g<Q(r) Aq Il u q I loo dr 


and 


< Q(t) sup / l,<Q( T )A,||u g || OO dr 

q>q* Jr/2 
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Q(t)eln 2 
C ’ 


exp / C/> g .(r) dr < 2 €<5(t) < min{u,/r} 1 sup ||u(T)|| ffa . 

\Jt/2 I r£[T/2,t] 


We also have 


exp 


(f T/ Cf<,.(r ) dr\<e T ^. 


Hence, by Gronwall’s inequality, 


IKOIIus + \mwls < expij Cf(T)d T \ (\\u(T/2) \\' 2 H s + 116(7/2)11^.) 


< 2 e ®/ 2 e TCMq * (|| U (7/2)||?,. + ||6(r/2)||^.) 

~ e TGMq * min{i/, /i} _1 sup \\u(t)\\ H s (\\u(T/2)\\%. + ||6(7/2)||^) . 

rG [T/2,t] 


Thus 

IKf)l&. + \m\\ 2 H* < e 2TCM <* min{u,/r} -1 (|K7/2)||f,. + ||6(7/2)||^) 2 , 

for all t £ (7/2,7), which implies that (u,b) is regular on (0,7]. Finally, we would 
like to point out that the result still holds if we decrease either c r or c r . Hence, 
they can be chosen equal. 
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3.2. Alternative versions of the criterion. In this subsection we show that 
regularity conditions stated in Theorem 11.21 follow from (11.101) . 

Recall 


T q = sup{t S (T/2, T) : Q(t) <qW& (T/2,t)}. 

Note that T q is increasing. In addition, (13.201) and the fact that ( u , b) is regular on 
(0,T) imply that 

lim T q =T. 

q—too 


Clearly, 


limsup/ lg< 0 (r)A g ||u 9 ||oodt < limsup / XqWuqWoodt 
q^-oo JT/2 q—>o o J T q 

r 

<limlimsup / XqWuqWao dt. 

e— ^0 g—>• oo JT—e 


Also, sup 9< g( t ) A,||u,|| 00 £ L 1 (0,T) implies that 


lim limsup / AJ|uJ|oo dt = 0. 


£->0 


q—too ,J r p~e 


It is easy to see that (8) in Theorem 11.21 implies A £ L°°(0,T) and hence 
sup 9< Q( t ) A g ||u 9 ||oo £ L°°(0,T) (see Theorem 3.1 in [ 12 ]). To establish (4)-(7) 
we need the following. 

Lemma 3.1. For all 1 < l < oo and 1 < r < oo, 


limsup / l 9 <Qp)A«jl|M g (t)||oo dt 
9 ->oo Jr /2 
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It/2 
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i 

[c r min{i/, fi}) 1 - 1 limsup / (x q 1+J+ ~ ||u g (t)|| r ') 

9 ->oo Jr„ ' ' 


dt. 


9->°o Jr q 

Proof. Using Bernstein’s and Holder’s inequalities, we obtain 
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2__ 
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Ug(t) 117* dt 
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l q<Q(t) 
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We now use (13.111) to conclude 


limSUp / l q <Q( t )WWq(t)\\oodt 

oo JT/2 


<[c r min{j/, /x}) 1 'limsup I / l 9 <Q(t)Ar +(r 1)1 (t)\\uQ(t)\\ l r dt \ x 
(j->oo yJr/2 ) 

(Jt/2 19 - QW ( A ^ 1+T+ "^ 9 ^^) ^ 

<(c r min{u,/x}) 1_( limsup / l g <Q(t) ( A g 1 r ||u g (i)llr) dt. 

5 —>oo JT/2 ' ' 


□ 
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